Recent studies show superconductivity provides new perspectives on spintronics. We study a heterostructure composed of an s-wave superconductor and a cubic chiral magnet that stabilizes a topological spin texture, a skyrmion. We propose a supercurrent-induced spin torque, which originates from the spin-orbit coupling, and we show that the spin torque can drive a skyrmion in an efficient way that reduces Joule heating. We also study the band structure of Bogoliubov quasiparticles and show the existence of Weyl points, whose positions can be controlled by the magnetization. This results in an effective magnetic field acting on the Weyl quasiparticles in the presence spin textures. Furthermore, the tilt of the Weyl cones can also be tuned by the strength of the spin-orbit coupling, and we propose a possible realization of type-II Weyl points.
I. INTRODUCTION
Topological structures in states of matter exhibit interesting features beyond topological stability. Topological insulators have surface Dirac cones, and show the magnetoelectric polarizability [1, 2] . Weyl points in a band structure are predicted to produce a variety of phenomena such as Fermi-arc surface states, chiral anomalies, and unusual anomalous Hall effects [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In a spin texture, of particular recent interest is a magnetic skyrmion [16] [17] [18] [19] [20] [21] , which is defined by an integer topological number. Skyrmions are experimentally observed in some chiral magnets such as the cubic B20 compounds MnSi and Fe 0.5 Co 0.5 Si. Their topological structure gives rise to a Magnus force that acts on a skyrmion like a Lorentz force [22] . When electrons coupled to skyrmions, the so-called emergent electromagnetic field acts on electrons [21, 23] .
Skyrmions have received attentions also as a promising candidate for a future information career. The Magnus force prevents a skyrmion from being pinned by impurities or lattice defects, and the threshold current density to drive its motion is quite low compared to that of a domain wall [24] [25] [26] [27] [28] [29] . Such current-induced magnetization dynamics has been studied intensively in the field of spintronics. A spin transfer torque [30] [31] [32] [33] is one type of current-induced spin torque, which requires noncollinear spin textures. Spin-orbit (SO) coupling realizes another type of current-induced torque, the so-called SO torque [34] [35] [36] [37] [38] , which can also drive domain walls [39] or skyrmions via applied currents [40, 41] .
Recently, more and more studies have shown that superconductivity provides new perspectives on spintronics, such as utilizing a supercurrent for spin dynamics . Supercurrents can realize efficient ways to control magnetization reducing Joule heating. With superconductivity, the Joule heating would be neglected since normal currents do not flow, while in a conventional setup with a normal metal, the Joule heating occurs depending on the applied current density. For example, the threshold current density for skyrmion manipulation is ∼ 10 6 A/m 2 , but higher motion of skyrmions requires much larger current density [24, 26] . From a theoretical point of view, systems with superconductivity and magnetization are also interesting in the band topology of Bogoliubov quasiparticles. With Rashba SO coupling [63] [64] [65] [66] [67] or spin textures [68] [69] [70] [71] , the states of quasiparticles can have nontrivial topology. Such topological structures of quasiparticle have been extensively studied in the A phase of 3 He, which has Weyl points in quasiparticle spectrum [3] . The effect of transport properties of Weyl particles on vortex dynamics in superfluid has been discussed [72, 73] . It would be interesting to propose the application of topological transport phenomena of quasiparticle to spintronics, and systems with superconductivity and magnetism are expected to offer a variety of novel spintronics phenomena.
In this paper, we study supercurrent-induced skyrmion dynamics in a heterostructure composed of an s-wave superconductor and a cubic chiral magnet (e.g., MnSi and Fe 0.5 Co 0.5 Si). To this end we focus on the SO coupling in chiral magnets which can be written as H so = α so k · σ around the Γ point, with σ being the Pauli matrices acting on the spin space. This SO coupling plays a crucial role in chiral magnets, since it leads to the Dzyaloshinskii-Moriya interaction, which is the origin of the noncollinear magnetic orders such as helical spin orders and skyrmion crystal phases. With the SO coupling, we calculate a spin polarization and a resulting spin-torque, which are induced by supercurrents instead of resistive currents.
Another aim of this paper is to study the topological structure in the Bogoliubov quasiparticle band in the heterostructure. We show that the band has a pair of Weyl points, and their positions are determined by the direction of magnetization. Consequently, inhomogeneous spin textures realize an effective magnetic field acting on Bogoliubov quasiparticles. Furthermore, the tilt of the Weyl cones can also be tuned by the strength of the SO coupling. Recently, type-II Weyl points, whose dispersion is strongly tilted so that it has a finite density of states at each Weyl point, are proposed in materials such as LaAlGe [74] , MoTe 2 [75] [76] [77] [78] , and WTe 2 [79] [80] [81] . They are predicted to have peculiar properties [82] [83] [84] [85] [86] [87] [88] , a chiral anomaly depending on the relative direction of the field and tilt [85] , a nonanalytic behavior in the anomalous Hall ef- fect [86] , etc. For our superconducting system, we propose a realization of type-II Weyl points in the quasiparticle spectrum, and we show a transition between conventional (type-I) Weyl points and type-II Weyl points. Considering the effective magnetic field due to the spin texture, we expect intriguing transport properties to be realized in our system.
The organization of this paper is as follows. In Sec. II, we introduce a model, which describes a cubic chiral magnet with proximity-induced superconductivity. In Sec. III, using a linear response theory, we calculate spin polarization induced by a supercurrent, which acts as a local spin torque that drives motions of skyrmions. In Sec. IV, we study the band structure of Bogoliubov quasiparticles, and demonstrate how type-I (conventional) and type-II Weyl points appear. We also discuss the effect of inhomogeneity in spin textures. Section V is devoted to the summary and discussion.
II. MODEL
We consider a heterostructure composed of an s-wave superconductor and a cubic chiral magnet (Fig. 1) , which is modeled by the following Hamiltonian:
where c T k = (c k↑ , c k↓ ) are annihilation operators for electrons of spin up and down. The Bogoliubov-de Gennes (BdG) Hamiltonian H(k) is
with the normal part of the Hamiltonian
where σ are the Pauli matrices for spin space and ε k = −t ={x,y,z} cos(k a) is a hopping energy with the lattice constant a and band-width 2t. The chemical potential is denoted by µ, the exchange coupling coefficient is J, and the localized magnetic moment is denoted by Mn, with the unit vector n = (cos φ sin θ, sin φ sin θ, cos θ). We assume the characteristic length of spatial variation to be much longer than the coherence length of superconductivity and the Fermi wave-length, so that n(r) can be regarded as being locally homogeneous. The effect of the inhomogeneity will be discussed in Sec. IV. The SO coupling in a cubic lattice model can be written as
which reflects the symmetry of cubic chiral magnets whose point-group symmetry is T . The proximity induced superconductivity is characterized by ∆, where we take s-wave singlet pairings. The SO coupling supports the proximity of the superconductivity because it causes the tilt of the spin orientation in momentum space.
III. SUPERCURRENT-INDUCED SPIN POLARIZATION
In normal metals or semiconductors, current induced magnetization dynamics has been studied extensively. For nocollinear magnetic systems, one can use a spin transfer torque [30] [31] [32] [33] , which originates from the transfer of spin angular momentum via spin-polarized currents. In noncentrosymmetric systems classified into gyrotropic materials, SO coupling gives rise to an additional current-induced torque, which is called the SO torque [34] [35] [36] [37] [38] . One way to interpret SO torques is as follows: in gyrotropic materials, charge currents induce a spin polarization [89] [90] [91] [92] , which is known as the Edelstein effect or the inverse spin-galvanic effect. This induced spin polarization acts on the magnetization as a spin torque.
On the other hand, much less is known in superconducting states. Triplet pairing induced by spin flipping at the magnetic junction can realize superconducting counterpart of the spin transfer torques [48, 51] . Related to the SO torque, it has been discussed that supercurrents produce spin polarization with Rashba spin-orbit coupling in paramagnetic states [93] [94] [95] [96] [97] [98] . This paper studies chiral magnets, where the exchange coupling is large. We show that the induced polarization depends on the direction of the magnetization.
Using the BdG Hamiltonian [Eq. (2)], one can calculate the spin polarization density of the system as
where |nk and ε nk are the eigenstates and eigenenergy of the BdG Hamiltonian with the band indices n = {0, 1, 2, 3}. n F (ε nk ) is the Fermi distribution function, and V is the volume. The spin operator is given bŷ
Now we consider a state with a finite supercurrent density j = − e m n s Q, where m is an electron mass, n s is the superfluid density, Q is the shift of the Fermi surface, and −e is the electron charge. With a perturbation theory, the leading correction to the polarization is obtained as
where
and the velocity operatorV µ is defined bŷ
Equation (8) is obtained by calculating the spin polarization using states with the center-of-mass momentum Q and expanding it in powers of Q [93, 99] . (The derivation is given in Appendix A.) In the rest of this section, we first study the response function K µν in two limiting cases of the parameters JM and α so and show the relative orientation between the induced magnetization and applied supercurrent. Second, we numerically calculate K µν with the original Hamiltonian [Eq. (2)]. Finally, we discuss the spin dynamics using the obtained spin torque and show that supercurrents can move a skyrmion.
A. Limiting cases
In chiral magnets, due to the large exchange splitting, α so JM is expected, but we first consider two limiting cases to provide an intuitive picture. In the limit of JM/α so → 0, the anisotropy due to the spin polarization n can be neglected. In this case, a symmetry argument straightforwardly leads to the relative orientation between δs and j. The point-group symmetry T leads to K µν = Kδ µν [104] , and we obtain δs = Kj.
In this case, the spin polarization is induced in parallel to the supercurrent. This relation is in contrast to the case of Rashba SO coupling (e.g., C 4v ) that gives δs ∝ẑ × j.
In the limit of α so JM, K µν depends on the direction of n. In particular, assuming {JM, |µ|} {t, α so , ∆}, we perform a perturbative approach. We first apply a unitary transformation U(k) on the BdG Hamiltonian [Eq. (2)], which acts on both spin space and particle-hole space. (The details are given in Appendix B.) It diagonalizes the Hamiltonian up to the required order of a small parameter defined by {t, α so , ∆} ∼ JM, and we expand the Hamiltonian to the second order of as
where the diagonal matrix H 0 (k) reads
with
and every matrix element in H 1 (k) is of the order of 2 . For now we consider µ ∼ −JM and project the Hilbert space to a space spanned by two eigenstates of H 0 (k) with eigenenergies E 0k and E 2k , noting that E 3k {E 0k ∼ E 2k ∼ 0} E 1k . After the projection, we obtain an effective BdG Hamiltonian
We then use the effective Hamiltonian H eff (k) to calculate K µν [Eq. (8)]. The detailed structure of the quasiparticle states is discussed in Sec. IV. We define the eigenstates of H eff (k) as ||±, k , whose eigenenergies are ε ±,k . The spin and velocity operators in the projected space are defined as
For the calculation of a response against a supercurrent, the interband terms (n m in Eq. (8)) are important. The directional dependence of K µν is obtained from the matrix element
to the lowest order of , where we consider the momentum region that satisfies |k|a 1 and define k
Integration over the momentum space as
leads to the relation K µν = K n µ n ν ; that is, the induced spin polarization is given by
up to the lowest order in . The spin polarization is induced parallel to n, and it is not induced when the applied supercurrent is perpendicular to n. As we will see later, this term does not produce a spin torque since the spin torque is given by n × δs. In the higher order of , other terms such as the form of Eq. (10) are expected to appear and lead to the spin torque, which is important for the dynamics of skyrmions discussed below.
B. Numerical results
Next, we investigate the dependence of K µν on parameters and the direction of n for intermediate values of α so /JM which interpolate the two limiting cases considered in the previous section. For this purpose, we numerically calculate K µν with the BdG Hamiltonian in Eq. (2) and compare the results to the analytical asympotic results obtained in the last subsection. The main results in this section are as follows: (i) K µν depends on the direction of n, and its dependence is well fitted by K µν = K (0) δ µν +K (1) n µ n ν , which interpolates the asymptotic behaviors in the two limiting cases [Eqs. (10) and (21) Fig. 2 , we show the dependence on α so of K xx and K zz in the case with n = (0, 0, 1). K xx and K zz monotonically increase with increasing α so , and the difference between them arises from the directional anisotropy due to n, which is consistent with the asymptotic from Eq. (21) with n = (0, 0, 1); the magnitude of K xx is suppressed compared to K zz in the limit of α so /JM 1. However, it is noted that, in contrast to Eq. (21) which implies zero K xx for n = (0, 0, 1), K xx is finite in Fig. 2 even for small values of α S O because of the higher order terms neglected in Eq. (21) and also the continuum approximation.
In Fig. 3 , we show the dependence of K xx and K zx on the direction of n rotating in the xz plane. n is parametrized as n = (sin θ, 0, cos θ) with 0 ≤ θ ≤ π. The magnitude of K xx and K zx varies depending on θ, and their dependence is well fitted by
(1) sin θ cos θ. Thus, the θ-dependence of K µν is qualitatively given by the sum of Eqs. (10) and (21) . In this calculation, we set α so = 0.2, and we note that the behaviors of the θ-dependence are not qualitatively changed by varying the value of α so . Other components such as K xy are calculated as well, and we conclude that, in general, the dependence of K µν on n is qualitatively given by the sum of the two limiting cases, Eqs. (10) and (21), for intermediate values of α so /JM.
C. Equation of motion for collective coordinates
Using the obtained results, we discuss skyrmion dynamics induced by supercurrents. We consider a heterostucture system with a supercurrent flow. Here we neglect the effect of normal currents, which would be suppressed in the presence of superconductivity. Our analysis is based on the LandauLifshitz-Gilbert(LLG) equation for the localized spin n,
where γ is the gyromagnetic ratio, H is the effective magnetic field given by the derivative of the free energy with respect to the magnetization, α G is the Gilbert damping constant, and T is a supercurrent induced spin torque. We focus on a spin-orbit FIG. 2: Dependence of K xx and K zz on the parameter α so for t = 1.0, JM = 2.0, ∆ = 0.2, µ = −4.8, when the direction of the localized spin is n = (0, 0, 1). Both K xx and K zz increase monotonically as α so increases. In the limit of α so /JM 1, the magnitude of K xx is suppressed compared to K zz , which is in agreement with the asymptotic form given by Eq. (21).
FIG. 3:
Dependence of K xx and K zx on the directional angle θ that parametrizes the localized spin as n = (sin θ, 0, cos θ). The parameters are set as t = 1.0, JM = 2.0, ∆ = 0.2, µ = −4.8, and α so = 0.2. The diagonal component K xx has an offset value that is independent of θ, and it is well fitted by K xx = 0.118n torque that originates from the spin polarization discussed in the last section. The spin polarization is given by the form δs = K (0) j + K (1) n(n · j), and it results in the following spin torque:
that is., only K (0) j acts as a spin torque, and the anisotropy due to n does not affect the spin torque even for large JM with the above form.
The dynamics of skyrmions is well described by the equation of motion of collective coordinates of a texture [41, [100] [101] [102] . Neglecting the deformation of skyrmions, we take the center-of-mass coordinate R(t) as the collective coordinate. The spin texture is given by n(r, t) = n sk (r − R(t)), where n sk (r) is the spin configuration with a skyrmion at the origin.
n sk (r) has a finite topological number as
For simplicity, we consider a specific skyrmion configuration given by
where Θ(r) only depends on only r = x 2 + y 2 , and it satisfies Θ(0) = π and Θ(∞) = 0. With this configuration and the torque [Eq. (24)], we calculate the time dependence of R(t) from the LLG equation [Eq. (22)], and obtaiṅ
L 0 and Γ 0 depends on the function Θ(r);
is of the order of the radius of a skyrmion, and
The supercurrent-induced torque can give rise to the drift motion of skyrmions, and the finite Gilbert damping coefficient α G gives the transverse motion against the supercurrent, which is a well-known effect for skyrmion dynamics [26] . Equations. (29) and (30) are compatible with the results obtained from phenomenological arguments in the presence of SO coupling [41] .
IV. QUASIPARTICLE STRUCTURE
In the heterostructure of interest, Bogoliubov quasiparticles have nontrivial band topology; a pair of Weyl points exists. We first study the effective Hamiltonian which describes lowenergy quasiparticles and then numerically demonstrate the existence of type-I and type-II Weyl points. At the end of this section, we discuss the effect of the spatial inhomogeneity in spin textures and show that an effective magnetic field acts on the quasiparticles.
A. Type-I and Type-II Weyl fermions
The structure of Bogoliubov quasiparticles in the presence of spin textures such as skyrmions is rather complicated. Before tackling this problem, we first consider the case of a homogeneous exchange field. This analysis is valid provided that the spatial variation of the spin texture is sufficiently weak compared to the Fermi wave-length and the superconducting coherence length, and thus the spin configuration is locally approximated by a homogeneous structure.
For a homogeneous spin configuration, the effective Hamitonian is derived in Sec. III A. In the limit of {JM, |µ|} {t, α so , ∆} with µ ∼ −JM, the Hamiltonian for low-energy quasiparticles is given by
Here we consider the momentum |k|a 1 (a = 1), and define k
A complex vector γ = (γ x , γ y , γ z ) satisfies |Reγ| = |Imγ| = 1 and Reγ × Imγ = −n. (See Appendix B for details) The two bands cross at k = ±k 0 n if there exists a k 0 that satisfies ξ eff (k 0 n) = 0, and the crossing points are shifted from the zero energy by ±α so k 0 . These crossing points are protected by the spin rotation symmetry along n; that is, two crossing bands of interest have different eigenvalues of S · n, which commutes with H(k 0 n).
Without loss of generality, we can define the x, y and z axes of momentum along Reγ, Imγ, and n so that the crossing points locate at k 0ẑ . The effective Hamiltonian around the crossing points reads
Each cone is tilted by α so q z , and numerical calculations of the Berry curvature with the original BdG Hamiltonian [Eq. (2)] show that they are a pair of Weyl points, which are a source and a sink of the Berry curvature. The numerical result of the phase diagram is summarized in Fig. 4 . When the chemical potential is larger than the critical value, a pair of Weyl points with the opposite topological charge exists. In Figs. 5(a) and (b), a band structure for the parameters µ = −4.8, and α so = 0.6 is shown, which has conventional (type-I) Weyl cones. The dispersions are weakly tilted in the k z direction. Interestingly, changing α so or µ leads to a transition between type-I and type-II Weyl cones. Type-II Weyl cones are characterized by the finite density of states at the crossing energy due to the tilt of the cones. The energy spectrum is shown in Fig. 5 (c) and (d) for µ = −4.8 and α so = 0.6. This tilt may induce distinct properties in transport or the Landau levels under an effective magnetic field discussed in the next section.
We have shown the surface Majorana arc exists for both type-I and type-II Weyl points by numerical calculations with an open boundary. Since the positions of the Weyl points are at ±k 0 n, the surface in which the Majorana arc appear can be changed by the direction of the magnetization. In the k z = 0, ±π plane, our system can be mapped to a well-known model. By rotating the momentum by 90
• along the k z axis, the Hamiltonian [Eq. (2) ] is equivalent to a model to realize a spinless p + ip superconductor with the Rashba SO coupling [64, 65] . These two-dimensional planes can have nonzero Chern number depending on the parameters, and the difference of the Chern number ensures the existence of Weyl points.
B. Inhomogeneous spin texture
So far, we have studied a locally homogeneous system assuming that the spin texture varies weakly enough in space. Now we include the effect of inhomogeneity to the lowest order, and show the emergence of an effective magnetic field. We consider quasiparticle states around some arbitary point r 0 in real space, and define n 0 = n(r 0 ) and γ 0 = γ(r 0 ). We then rewrite as n(r) = n 0 + δn(r) and γ(r) = γ 0 + δγ(r). Around one of the Weyl point given by k = k 0 n 0 , we define the Bogoliubov quasiparticle operator as ψ(r) = e ik 0 n 0 ·rψ + (r). Up to the lowest order of spatial variation, the Hamiltonian for slowly varying field is given by
−tk 0 n 0 ·p ,
where we have used the relation n(r) · γ(r) = 0 and n 0 · δn(r) = 0. Minimal couplingp − k 0 δn(r) exhibits that the effect of the spatial variation of spins can be described by the effective magnetic field given by B eff (r) = k 0 ∇ × n(r). Around the other Weyl point at −k 0 n 0 , the sign is the opposite: B eff (r) = −k 0 ∇ × n(r).
This result shows that Bogoliubov quasiparticles around each Weyl cone may form the Landau levels when ∇×n(r) 0, and the chiral zero modes are expected to appear for each cone, which is studied in the A phase of 3 He [72, 73, 103] . The velocities of the chiral zero modes have the same direction for two cones to preserve the particle hole symmetry, and they are along the direction of ∇ × n(r).
A skyrmion texture gives ∇ × n(r) 0, and a skyrmion flow is expected to cause an effective electric field given by ∓k 0 ∂ t n, which acts on quasiparticles in each cone. As has been discussed in 3 He [72, 73] , the quasiparticle excitation in the chiral zero mode is expected to cause a force acting on the skyrmion, which is perpendicular to the velocity of the skyrmion [105] ; that is., the anomaly of Weyl fermions can affect the skyrmion dynamics.
Tuning the tilt may change the property of the chiral zero modes, as is studied in Weyl semimetals [85] . We leave the detailed study of skyrmion dynamics associated with Weyl fermions in chiral magnet for future work.
V. SUMMARY AND DISCUSSION
In this paper, we have studied a spin-torque induced by a supercurrent in a heterostructure composed of a cubic chiral magnet and an s-wave superconductor. With the numerical and analytical calculation, we have derived the spin polarization induced by a supercurrent, which depends on the direction of the localized spin. The equation for the time evolution of skyrmion has been obtained.
We have also pointed out the existence of a pair of Weyl points in the quasiparticle bands. The positions of the Weyl points are determined by the magnetization, and the resulting effective electromagnetic field may give rise to novel phenomena in spintronics. The tilt of the cones can also be changed by the strength of the SO coupling, and type-II Weyl points can be realized. We believe that the nontrivial band topology of Bogoliubov quasiparticles provides a new perspective in superconducting spintronics.
We leave the discussion of the stability of the proximity induced superconducting gap for future work. The quantitative estimation requires self-consistent calculations of the superconducting gap. At this point, we expect that there should be a finite region where the superconducting gap is proximityinduced in the chiral magnet when the interface between the superconductor and the chiral magnet is sufficiently smooth.
where U 0 rotates the spin axis as U † 0 n · σU 0 = σ z .
Q(k) is Hermite matrix given by
Then we expand the Hamiltonian in the series of where we define the small parameter by {t, α so , ∆} ∼ JM, as
, where H 0 (k) is given by Eq. (12) and 
with β = =x,y,z sin(k a)n , u 0 = − α so (JM−µ) 2JMµ , and u 1 = α so (JM+µ) 2JMµ . When µ ∼ −JM, the eigenstates of H 0 (k) are energetically separated as E 3k {E 0k ∼ E 2k ∼ 0} E 1k . We project the Hilbert space to a space around zero energy, i.e. a space spanned by eigenstates with eigenenergy E 0k and E 2k . 
where we define ∆ = |∆|e iϕ and (H n (k)) i j is the (i, j) component of H n (k). We introduce a complex vector γ = (γ x , γ y , γ z ) as 
µνλ ∂ µ (γ * · ∂ ν γ) = −2i µνλ n · (∂ µ n × ∂ ν n).
The last equation shows that the rotation of the superfluid velocity is given by the skyrmion density. Around the Γ point (|k|a 1), we obtain the effective Hamiltonian in Eq. (33), noting that e iϕ ω = γ · ka and |ω|
where we have expanded in the series of . Thus we obtain
= −, k||τ z ||+, k +, k||τ z ||−, k 2 α so n µ n ν ,
= sin 2 θ 0 2 α so n µ n ν ,
One can also show that +, k||S eff µ ||−, k −, k||V eff ν ||+, k = S µν .
